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The optimal size of a globular protein domain: A simple
sphere-packing model
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Abstract

We describe a model that relates the optimal size of a globular protein domain to the ratio between hydrophilic and hydrophobic

amino acid residues. This model represents a domain as a homogeneous spherical assembly of monodisperse spheres corresponding

to the individual residues; the hydrophilic spheres are distributed on the assembly surface, and the hydrophobic spheres are buried in

the core. The model predicts that a domain with a 1:1 ratio of hydrophilic and hydrophobic residues is composed of 156 residues. It

also predicts that smaller protein domains have more hydrophilic than hydrophobic residues. These predictions are in agreement

with the distribution of domain size and residue composition for the experimentally determined protein structures.

� 2005 Elsevier B.V. All rights reserved.
Protein domains are considered the basal units of

protein structure, function, and evolution [1,2]. These

units fold independently, often mediate a specific biolog-

ical function, and combine modularly to form larger

proteins. Several approaches to the definition of

domains have been developed based on protein sequence
and structure [3]. The two commonly used structure-

based domain definition and classification systems are

the structural classification of proteins (SCOP) [4] and

CATH [5,6]. Experimentally determined structures of

proteins are deposited in the protein data bank (PDB)

[7]. The PDB currently holds approximately 28,000

structures. Each entry contains on average 2.2 protein

chains, and each chain contains on average 2.1 domains.
The characteristic domain size of approximately 160

amino acid residues was first observed in ultracentrifu-

gation experiments in the early 1920s [8]. More recent

studies of the distribution of domain sizes in known pro-
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tein sequences and structures yield similar results, show-

ing that most protein domains range from 100 to 200

residues [9]. For example, the average size of a globular

domain from CATH [5,6] is 153 residues [10]. The distri-

butions of domain lengths, and hence the average

domain size, do not vary significantly with the specific
definitions of domains in SCOP [4], PrISM [11], and

CHOPnet [12], despite heterogeneity in the domain def-

inition methods and structure samples to which these

methods are applied.

The robustness of the characteristic size of a domain

suggests a simple underlying physical principle that is

only determined by a few parameters. The earliest the-

ory suggested that the optimal domain size emerges as
a consequence of the surface/volume ratio of a sphere

[13,14]. This model predicted the characteristic size of

a stable domain to be 130 residues. The model was

extended by taking into account the composition and

size of amino acid residues [15,16]. A more sophisticated

physical theory based on both geometry and the free

energy of folding predicts the optimal domain size to

be 200 residues [17]. Here, we present a simple model
that offers additional insight into the distribution and
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average of the domain sizes observed in natural

proteins.

We begin by modeling a globular protein domain as

an assembly of randomly packed beads that represent

individual residues. On average, a randomly packed

spherical assembly consisting of N residues of the same
size occupies a volume of

V a ¼
4Npa3

3a
; ð1Þ

where a is the radius of the beads (typically 3.5 Å) repre-
senting individual residues and a is the packing ratio of

monodisperse three-dimensional (3D) spheres in the

random close packing (RCP) state [18–20]. As shown

robustly by many simulations and experiments, the pack-

ing ratio a is approximately 0.64, which is significantly

smaller than the packing ratio of p=
ffiffiffiffiffi
18

p
� 0:74 for the

face-centered packing [19,20]. The concept of the RCP

state has been superceded by the maximally random
jammed (MRJ) state [19], which is physically better

defined than the RCP state and has an essentially

indistinguishable packing ratio of 0.637 [18,21].

Amino acid residues of different aqueous affinities,

namely the hydrophobic and hydrophilic residues, have

different spatial distributions in the native protein struc-

tures, reflecting the so-called �minimum condition� for a
globular protein domain [9,13]. The hydrophobic resi-
dues tend to be buried in the core of a protein, whereas

the hydrophilic residues tend to distribute on the sur-

face. This simplified scheme of residue type classifica-

tion, known as the HP model [22,23], has been applied

to the study of many aspects of protein folding kinetics.

Given the HP model, an ideal assembly of N beads

has cN hydrophilic beads on the assembly surface and

the remaining (1 � c)N hydrophobic beads buried in
the assembly core, where c is the fraction of hydrophilic

residues in the sequence of the domain. The c and N are

not independent variables. To satisfy the �minimum con-

dition� for a globular domain, the c and N must be

related to each other. We refer to the corresponding N

as optimal (Nopt) given a composition ratio c and to

the corresponding c as optimal (copt) given a domain size

N. When the beads cluster into a spherical assembly, the
surface area of the assembly is

Aa ¼ 4pa2
N
a

� �2=3

: ð2Þ

To proceed, we make a �simplex� approximation that all

the hydrophilic surface beads have half of their surface

exposed to the solvent. Under this assumption, the total
effective surface area of the hydrophilic residues is

Aa ¼ 2cNpa2: ð3Þ
The optimal value of N for a given residue type compo-

sition c can be immediately obtained from equating Eqs.

(2) and (3):
N opt ¼
8

c3a2
: ð4Þ

Next, we determine the composition c for the natural

protein sequences. The residue types were divided into

the hydrophobic and hydrophilic classes, as defined in

the Rasmol program [24]. For the entire SwissProt pro-

tein sequence database (release 44, July, 2004) [25], the

fraction of hydrophilic residues (c) is 0.507. When a

domain has this composition, our model indicates that

the optimal size is approximately 150 residues (Eq. (4),
for comparison, Nopt is 156 when c = 0.5). This number

is in excellent agreement with domain sizes observed in

natural proteins (above). Conversely, we can also use

the average domain size in the CATH database

(N = 153 residues) to calculate copt of approximately

0.504 (Eq. (4)). Therefore, from both perspectives, our

simple model is in a good agreement with the actual

data.
Next, we refine the model to estimate the upper and

lower bounds on the optimal domain size. These

bounds result from more realistic estimates of the min-

imal and maximal number of surface residues. The sur-

face residues are defined to be the beads that are

accessible to an external probe sphere, such as the

water molecule with an effective radius of 1.4 Å. The

lower bound on the domain size is determined by find-
ing the most economical way to configure a single layer

of surface residues while keeping the hydrophobic core

inaccessible from water molecules. To shield the hydro-

phobic core residues from water molecules, the surface

residues do not necessarily need to be in close contact.

Instead, two surface residues can be up to 2(a + 1.4) Å

apart and still prevent the water molecule from pene-

trating into the space between these two residues.
Therefore, we model the sparsest packing of surface

residues that still shields the core by a group of beads

with a separation of 2(a + 1.4) Å (Fig. 1). According to

this model, the estimated lower bound on the surface

residue area is

Aa ¼
cNpðaþ rwÞ2

b
; ð5Þ

where rw and b are the characteristic radius of the

water molecule and the RCP packing ratio for two-

dimensional (2D) disks, respectively. The exact value

of the RCP packing ratio is not known as accurately
in 2D as it is in 3D, because a dense fluid is less

jammed in 2D than in 3D [26]. Reasonable estimates

range from 0.86 to 0.89 (the densest 2D packing ratio

is p=
ffiffiffiffiffi
12

p
� 0:91). From Eqs. (2) and (5), the lower

bound on the optimum size of the globular

domain is

N opt ¼
64b3a6

c3a2ðaþ rwÞ6
: ð6Þ
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Fig. 1. The sparsest packing of surface beads that still shields the

buried beads from water. Gray disks represent the 2D surface

projections of the residue beads, with a maximum separation of rw
as denoted by the dashed circles.
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For reasonable parameter values (c = 0.5, a = 3.5 Å,

rw = 1.4 Å, a = 0.64, and b = 0.88), the lower bound on

the domain size is approximately 117 residues.

As mentioned previously, the lower bound on the

optimal domain size was calculated by assuming that

the residues in the outermost exposed shell are hydro-
philic and the rest of them are hydrophobic. In contrast,

we estimate the upper bound on the optimal domain size

by assuming that the potentially accessible residues in

the first two outermost shells are hydrophilic while the

rest of them are hydrophobic. We rationalize this choice

as follows. Initially, we have to determine how deeply a

residue can reside from the surface of a well-packed

spherical assembly while remaining solvent accessible.
The first shell residues are defined to have an average

depth of zero (Fig. 2), but the second shell residues have

a variety of burial depths. A residue that is buried in a

second shell right below a first shell residue would have

no chance of being exposed to the solvent because it is

totally eclipsed by the first shell residues. A model for

a maximally buried surface residue describes a pair of

surface residues separated by a water sphere, which is
Fig. 2. The densest surface packing. The white, striped and gray

spheres denote a water molecule, first shell residues, and an accessible

second shell residue, respectively. The maximum burial depth is jmaxa.
in close contact with a second shell residue buried to a

depth of jmaxa (Fig. 2). With simple algebra, we obtain

jmax = 2a/(a + rw) � 1.43, which implies the depth of the

maximally buried solvent accessible residues is approxi-

mately 1.43a, which corresponds to 5.0 Å for the 3.5 Å

residue radius a. This maximum burial depth of 5.0 Å
agrees well with the conventional definition of a �surface
residue�.

With the average residue density and radius of the

spherical assembly of 3a/(4pa3) and (N/a)1/3a, respec-

tively, the expected number of hydrophilic residues in

the first and second shell is

N hydrophilic ¼ aj3 � 3a2=3j2N 1=3 þ 3a1=3jN 2=3: ð7Þ
If we again assume that the hydrophilic residues corre-

spond to one half of the residues (Nhydrophilic

(Nopt) = cNopt, c = 0.5) in the assembly, the upper bound

on the optimal domain size is 213 residues. The explicit
expression for the upper bound on the optimal size is

complicated and is not presented here.

In summary, our highly simplified sphere-packing

model suggests that the optimal size of a globular

domain ranges from 117 to 213 residues, with an average

of 165 residues. These values are close to the results

obtained based on the simplex approximation (Eq. (4)).

The optimal domain size depends on the residue type
composition (Fig. 3). The left hand side of the plot cor-

responds to the case of over-representing hydrophilic

residues in a protein domain. In such a case, the domain

size should be smaller to retain greater surface/core ra-

tio. In other words, for domains smaller than the opti-

mal size, the simplex approximation predicts the

following dependence of the optimal hydrophobic con-

tent c0opt ¼ 1� copt on the domain size N:

c0opt ¼ 1�
ffiffiffiffiffiffiffiffi
8

a2N
3

r
: ð8Þ
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Fig. 3. The dependence of the optimal domain size on the residue type

composition. Top (dashed), middle (bold), and bottom curves indicate

the upper bound, simplex approximation, and lower bound estimates,

respectively. The 1:1 hydrophilic/hydrophobic ratio is indicated by a

vertical dashed line.
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Next, we compare the dependence of the domain size on

the content of hydrophobic residues as observed in the

ASTRAL 1.65 database [27,28] with that calculated

from Eq. (8) (Fig. 4). The two curves agree qualitatively,

sharing a nearly identical minimal domain size of �20

residues and the increase of domain size as a function
of hydrophobic content. On the other hand, larger

domains are not observed to have greater hydrophobic

content as the theory predicts, suggesting they may

retain the nearly 1:1 hydrophilic–hydrophobic ratio by

an increase of the surface area.

Above, we assumed a perfectly spherical assembly of

residues with an entirely polar coat. However, many

domains are not spherical. Moreover, domains in mul-
ti-domain proteins and protein assemblies interact with

each other via substantially hydrophobic interfaces

[29]. Therefore, to make our model more realistic, we

now generalize it to an ellipsoid domain with an aspect

ratio e(e = 1 for a sphere) and only a fraction

f(0 6 f 6 1) of its coat covered by polar residues. Fol-

lowing the arguments for the simplex approximation,

the optimal domain size is

N opt ¼

f 3

c3a2e2 1þ e2sin�1
ffiffiffiffiffiffiffiffiffiffi
1�1=e2

p� �
ffiffiffiffiffiffiffi
e2�1

p

� �3

; e > 1;

8f 3

c3a2 ; e ¼ 1;

f 3

c3a2e2 1þ e2sinh�1ð
ffiffiffiffiffiffiffiffiffiffi
1=e2�1

p
Þffiffiffiffiffiffiffi

1�e2
p

� �3

; 0 < e < 1:

8>>>>>>>><
>>>>>>>>:

ð9Þ

Eq. (9) relates four variables: the hydrophilic residue

content, surface polarity, protein size, and eccentricity
of a protein. For a constant domain size, the hydrophilic

content c reaches the minimum value at e = 1. This con-

clusion resembles the prediction by Fisher [16], which

states that a spherical structure has the minimum polar-
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Fig. 4. The dependence of the hydrophobicity on the optimal domain

size for domains smaller than 170 residues. The simplex approximation

(Eq. (8); solid line). For single domains in SCOP classes a, b, c, and d

in ASTRAL 1.65 (dashed line).
ity ratio for any given protein size due to the isoperimet-

ric theorem. Conversely, the assembly can be spherical if

and only if Na2(c/f)3 = 8; any non-negative deviation

from this relation will lead to aspheric proteins (cf.

Na2(c/f)3 P 8). Indeed, real small domains (25–50 resi-

dues) usually have greater hydrophobic residue content
than predicted by the simplex theory for a spherical

structure (Fig. 4). Because small domains do not have

a truly buried core [16], the excess hydrophobic residues

must be distributed on the protein surface, which leads

to c/f � 1, such that Na2(c/f)3 � 0.41N is always greater

than 8 for 25 6 N 6 50. From this derivation, we deduce

that the actual small domains have aspheric shape

mainly due to the excess surface hydrophobicity.
In conclusion, we found that the optimal domain size

depends strongly on the 3D RCP packing ratio and the

hydrophilic/hydrophobic ratio. In contrast, the optimal

domain size depends relatively weakly on the sizes of

the water molecule and amino acid residues (cf. the sim-

plex model is independent of the amino acid residue and

water radii). The 3D random packing ratio should be

considered as a rather universal constant, as it is charac-
teristic of many packing problems. Hence, the only

�tunable� parameter in this model is the hydrophilic-to-

hydrophobic residue ratio. Does the optimal surface/

core ratio arising from geometry as defined in our model

steer the evolution of the actual hydrophilic/hydropho-

bic ratio observed in real proteins, which subsequently

determines the domain size? One practical application

of our model may be to provide some guidance to the
algorithms that aim to define the domains in protein

sequences [4–6,11,12].
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